I. INTRODUCTION
A fundamental understanding of the behaviour of bubbles and liquid films is very important for several fields of industry such as mining, manufacturing, materials, security, and food production [1, 2] . In addition to these better-known sectors, the potential use of bubbles and films has been recently demonstrated in emerging technological domains such as micro [3] [4] [5] [6] [7] and nanotechnologies [8] [9] [10] . Soap bubbles and films have been studied for many years [11, 12] , with more recent studies concerning their organisation [13, 14] , electrification [5, 15] , magnetization [16] , wetting [18] [19] [20] , stability [21] [22] [23] , aerodynamics [24] and their mechanical [25] and optical properties [26] .
In this paper, we study the wetting of a sessile soap bubble on a liquid surface of the same soap solution. This was first addressed by Nicolson [27] , who derived an analytical approximation for the shape of the meniscus surrounding a single, axisymmetric air bubble on a liquid surface, by integrating the Young-Laplace equation. However, in so doing
Nicolson linearised the curvature term, which effectively restricts the applicability of his solutions to bubbles that protrude little from the liquid surface, i.e., small bubbles (in the sense of small Bond number as will be defined below). Later, Howell [28] solved the same problem for arbitrarily large curvature in two dimensions (2d), and, in the limit of small bubbles (small Bond number), for axisymmetric bubbles in three dimensions (3d). Here we go beyond these approaches and consider the 3d axisymmetric bubble problem for a wide range of Bond numbers (i.e., bubble sizes). In particular we are interested in describing the crossover between large bubbles with nearly hemispherical films and flat bottoms, and small bubbles with lenticular films and curved bottoms. We also wish to assess how important it is to fully take into account the 3d nature of a bubble. This extends our earlier work [19] on the contact angle of bubbles on solid surfaces of different wettabilities: an air bubble on a free liquid surface will of course wet the surface completely, but will also be more or less immersed beneath the surface. This paper is organised as follows: in section II we describe our experimental method for measuring bubble shapes. Then in section III we present our model, the Young-Laplace equation for the meniscus around a single spherical bubble on a liquid surface, and obtain closed-form expressions for the inner and outer meniscus surfaces, as well as a relationship between the film inclination at the top of the meniscus and the meniscus height. An alter-native method to find bubble shapes from numerical energy minimisation, using the Surface Evolver software, is described in section IV. Then in section V we compare our experimental results with the predictions of our semi-analytical solution of the Young-Laplace equation, as well as with the fully numerical Surface Evolver solution. Finally, we conclude in section VI.
II. EXPERIMENTAL
The bubble wetting experiments were performed in a class ISO 5/7 cleanroom which ensures that the temperature (T ) and relative humidity (RH) remain within the following ranges: T = 20 ± 0.5
• C and RH = 45 ± 2%. The photographic data were gathered using a contact angle meter (GBX Scientific Instruments, France). A commercially available soap solution (Pustefix, Germany) was used to generate bubbles for the experiments. This solution is a mixture of pure water, a second liquid (glycerol) to increase the viscosity of the solution and reduce drainage, and a surfactant (an organosulphate). The surface tension of the commercial solution was measured to be 28.2 ± 0.3 mJ m −2 using the pendant drop method [29] and applying a correction factor [30] . This measured value is comparable with other experiments concerning soap bubbles and soap films [17, 18] .
The experimental set-up, shown in figure 1a, consists of a 10 mm deep transparent Perspex container containing the commercial soap solution. The Perspex container was filled to the brim using the soap solution in order to form a convex meniscus at the surface. This enabled the meniscus around the bubble to be clearly visible to the side-mounted cameras. Air-filled sessile soap bubbles having base radii in the range 0.5 − 40 mm were generated for the experiments using a pipette (Bio-Rad, France) having a tip diameter of 0.5 mm. Pendant bubbles were first generated using the pipette -these bubbles were then brought into contact with the soap solution surface where they wet the surface and become sessile bubbles once the pipette is retracted. The sessile bubbles attain their stable sessile shape rapidly (in less than 1 second) and are stable on the liquid surface for 10-30 seconds -enough time for photographs to be taken. Following the collapse of the bubble, the liquid surface of the bath was carefully skimmed in order to remove any daughter bubbles formed. The bath was then refilled to the brim in order to recreate the convex meniscus.
As the bubbles are macroscopic -millimetres to centimetres in size -the determination of the bubble dimensions (base radius r, height H, meniscus height h) is accurate using imaging. The experimental setup also allows the bottom of the bubble to be visible to the side-mounted camera, so the bubble depth d can be measured as well. Finally, the apparent bubble contact angle θ b -the inclination at the top of the meniscus -is given by θ b = 2 tan −1 (H/r), where all quantities are defined in figure 1b.
The experiments involve many bubbles (around 80 in total). The bubble base diameters (as defined in figure 1b) vary from 1 mm to 8 cm. However, the experimental technique (i.e., pipetting the bubbles manually) results in obtaining several bubbles having virtually the same size. These raw data can be plotted (e.g., figure 7a), which involves a certain scatter. In order to obtain the error bars in figure 7b , the raw data can be sorted (in terms of increasing contact angle). The h/R data can then be "binned" for contact angles which fall within 20
• , etc. This enables error bars for θ b and h/R to be obtained.
III. THEORETICAL MODEL
The starting point for our model is the Young-Laplace equation for the shape of the meniscus around an axisymmetric bubble, which may be written [12] :
where z is the height and x is the distance to the film surface from its axis of symmetry (here located at the z axis, see figure 2). ∆p is the pressure difference across the surface (inner minus outer) and γ is the surface tension of the liquid. The left-hand side of equation (1) is just the curvature of the liquid-air surface inside or outside the bubble. The bubble film is a partial spherical shell. which we assume to be of constant, infinitesimal thickness. The meniscus, on the other hand, comprises an outer and an inner surface; equation (1) must be solved separately for each of these.
This equation cannot be solved analytically except in a very few special cases. A numerical solution is complicated by the fact that one of the boundary conditions is defined at infinity:
x(z = 0) = +∞ for the outer meniscus surface or, which is more physically transparent, z(x = +∞) = 0 -the fluid surface is flat infinitely far from the bubble. The equivalent boundary condition for the inner meniscus surface dz/dx(x = 0) = 0 -the liquid surface 5 is horizontal at the bottom of the bubble. One more boundary condition is needed at the point where the inner and outer meniscus surfaces meet the bubble film: the inner and outer meniscus surfaces must be tangent. The angle that they make with the horizontal is unknown a priori and finding it is one of the main objects of the present calculations.
In order to circumvent these difficulties, we adopt a parametric representation of equation
(1) in terms of the film inclination. We first obtain the shape of the inner and outer meniscus surfaces, and then proceed to derive a relation between the angle at the top of the meniscus (the bubble contact angle) and either the Bond number, or the ratio of meniscus height to bubble film curvature radius (henceforth referred to as "bubble radius"). These are two possible measures of bubble size.
Let θ be the angle, measured on a vertical plane containing the z axis, between the tangent to the film and the horizontal axis (see figure 2 ): clearly cot θ = −dx/dz. Furthermore, the outer surface of the meniscus meets the free surface of the liquid outside the bubble at an angle θ = 0, and the inner surface of the meniscus meets the liquid surface at the centre of the bubble at an angle θ = π. Finally, the apparent contact angle of the bubble, defined as the film inclination at the top of the meniscus, where the inner and outer surfaces are tangent, is defined as θ b = θ(z = h) (see figure 2 ). Replacing the dependent variable x by θ in equation (1), this takes the form
where R is the bubble radius. Applying equation (2) at the inner and outer surfaces of the meniscus yields
where p i , p o and p b are the pressures inside the bubble, outside the bubble, and inside the meniscus, respectively. The pressure inside the meniscus is assumed to be in hydrostatic equilibrium, such that
where p b0 is the pressure at the liquid free surface outside the bubble, g is the acceleration due to gravity and ρ is the density of the liquid. Moreover, the pressure difference between 6 the inside and the outside of the bubble is given by
In their present form, equations (3) and (4) still cannot be solved analytically. However, they can be made more tractable by rewriting them in such a way that z becomes the dependent variable and θ the independent variable. Changing the integration variable in the integral from z to θ,
where θ ′ is a dummy integration variable and we have used the fact that, on the surfaces bounding the meniscus, θ is a monotonic function of z. Further, using equation (5), equations (3) and (4) take the form
Note that, in the first of these equations, the first term in the brackets vanishes, as
at a planar liquid surface.
At this point, it is useful to non-dimensionalise the equations, so that the orders of magnitude of the various terms become clearer. θ is dimensionless by nature, and takes values of O(1). Now bubble shape is determined by the balance of gravity and surface tension, so a key dimensionless quantity is the Bond number, defined as
The relevant lengthscale is the capillary length λ c = (γ/ρg) 1/2 ; for the soap solution used
vertical coordinate is thus defined as z ′ = z/λ c . In terms of these new variables, equations (8) and (9) become (12) where equations (6) and (10) have been used. In the limit of large Bond numbers, Bo ≫ 1 (gravity-dominated regime), we can expand the fraction containing the integral in equations (11) and (12) to first order in Bo −1/2 , with the results
The terms of O(1) in these equations account for the vertical curvature of the meniscus, the terms of O(Bo −1/2 ) for the horizontal curvature (i.e. the axisymmetry), and the terms of O(Bo −1 ) for the difference in distances between the inner and outer surfaces of the meniscus to the axis of symmetry of the bubble. Therefore, the terms of
(which are small if Bo ≫ 1) account for 3d geometrical effects.
As we shall see below, these equations still provide a good approximation even for fairly small Bond numbers. The advantage of taking the large-Bond-number limit is that it allows the solutions to be written as power series in Bo −1/2 :
and we can then systematically solve for z ′ i up to the desired order of approximation. We have thus obtained the height z of the meniscus surface as a function of its inclination θ. In order to completely specify the meniscus surface, we need to find x, the distance of a point on the surface to the symmetry axis, also as a function of θ. To this we now turn.
Let ∆x = x(θ b ) − x(θ) be the distance, measured horizontally, from a point on the surface to the top of the meniscus -∆x is negative outside the bubble, as x is a radial coordinate and therefore always positive. It follows from the definition of θ that
where we have non-dimensionalised x as we did z before, i.e., ∆x ′ = ∆x/λ c . ∆x ′ can likewise be expanded in a power series of Bo −1/2 :
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The solution procedure is now clear: we start by solving equation (13) (equation (14)) together with equation (15) We shall now treat the outer and inner surfaces of the meniscus separately. In all cases we shall stop at the second order of approximation (i.e., at O(Bo −1 )), which, as will be seen, provides satisfactory results. Higher-order approximations are feasible but quickly become cumbersome, as they contain increasing numbers of integrals that need to be evaluated numerically. Additionally, Bo must then be obtained as the solution of an algebraic equation of order higher than two, which has a much more complicated form. This is a necessary intermediate step when developing the theory, so that eventually we will be able to evaluate quantities as functions of Bo, which is what is relevant experimentally.
A. Outer surface
Inserting equation (15) into equation (13) and collecting powers of Bo we obtain the following three equations, valid at zeroth, first-and second-order in Bo −1/2 :
These equations must be solved subject to the boundary conditions z
The above equations completely specify the shape of the outer surface of the meniscus. Note that, in equations (24), (26) and (27) , equations (19) and (20) have been used to eliminate
Additionally, although the inner integrals in equations (24) and (27) can be calculated analytically (they are given by equation (25)), the outer integrals, as well as the integral in equation (26), must be evaluated numerically.
B. Inner surface
Now, the same procedure must be followed for the inner surface of the meniscus. We obtain the following three equations, again valid at zeroth, first-and second-order in Bo −1/2 :
The last of these conditions accounts for the pressure difference between the inside and the outside of the bubble, and is only strictly valid if the inner menisci on opposite sides of the bubble do not overlap at the bottom of the bubble (this is consistent with a large-Bo approximation). The results are:
which yield, from equation (18),
The above equations completely specify the shape of the inner surface of the meniscus. As in equations (24) and (27) , the inner integrals in equations (33) Since the zeroth-order solutions presented in this and the preceding section neglect all 3d effects, they would correspond to the exact 2d solutions of Howell [28] , except that they do not account for the pressure difference between the inside and the outside of the bubble, which in the present approach only enters at first order.
C. Relation between θ b and h/R
We shall now derive a relationship between the meniscus height h and the film inclination at the top of the meniscus, θ b . This is perhaps the easiest prediction of our theory to verify experimentally.
where we have used the same non-dimensionalisation as before, and truncated the expansion at second order. On the other hand, we also have
whence it follows that
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(where all terms are evaluated at θ = θ b ), which can be solved for Bo 1/2 as a function of θ b :
This is the physically meaningful root, i.e., the one that reduces to the first-order approximation when z ′ outer,2 → 0 and z ′ inner,2 → 0. Substituting this result in equation (39) then yields the desired relationship between h/R and θ b . The calculation is straightforward but the resulting formula is rather involved, so we do not show it here. To obtain the first-order relation equivalent to equation (41), the corresponding solutions must instead be truncated at first order, which amounts to neglecting the last term within brackets on the left-hand side of equation (40).
IV. NUMERICAL METHOD
An alternative to solving the Young-Laplace equation for the bubble and meniscus shape is to perform a direct numerical minimisation of the surface energy -or, equivalently, of the surface area, as the surface tension is assumed constant -using the Surface Evolver software [31] . Note that the Young-Laplace equation is actually the Euler-Lagrange equation for the surface energy minimisation problem with the bubble volume constrained to be fixed.
As in the preceding section, we assume the bubble to be axisymmetric about x = 0 and seek the profiles z(x) for the top and bottom of the bubble and the free surface outside the bubble.
The initial datafile for Surface Evolver consists of just four vertices and three edges. Two of the vertices are constrained to move on x = 0, representing the top and bottom of the centre of the bubble, one vertex is at the top of the meniscus, and the other is fixed at x = x max , z = 0, representing the equilibrium position of the liquid far from the bubble (we take x max = 7.0 cm). The edge connecting the top of the bubble to the top of the meniscus has tension γ 2 and contributes to the total energy an amount γ 2 2πxdl. The inner edge connecting the bottom of the bubble to the top of the meniscus has tension γ 1 and contributes to the total energy an amount γ 1 2πxdl. The total volume of the bubble is the difference in the volume beneath these two lines, which we constrain to a prescribed value. The third, outer, edge, representing the free surface, connects the top of the meniscus to the point at x = x max , with the same energetic contribution as the edge beneath the bubble. The total volume of liquid, which is constrained to a fixed value, is the volume beneath the latter two edges. We take γ 1 = 28.2 mJ/m 2 , γ 2 = 56.2 mJ/m 2 to avoid numerical problems due to a zero contact angle between the two air-liquid interfaces at the top of the meniscus; instead the contact angle there is 5 • = cos −1 (γ 2 /2γ 1 ) in our calculations. We have checked that doubling the contact angle leads to differences of at most 9% in all the data. We therefore conclude that the results are not particularly sensitive to the value of the contact angle.
At each step, we minimise the total energy of the system using gradient descent and second-derivative information (Hessian) with error bounds for subdivision of edges between 0.01cm and 0.05cm. We measure the length of each interface, the height of the meniscus, the depth of the centre of the bubble, and the angle θ b at the top of the meniscus. Then the volume of the bubble (equivalently, the Bond number) is increased and this step repeated. Figure 3 shows examples of sessile bubbles on a bath of the same soap solution, for a range of bubble sizes. The Bond number measures the relative strengths of the gravitational potential and surface tension contributions to the total energy of a bubble. Thus, small bubbles correspond to small Bond numbers (surface tension dominates and pulls the bubble into the solution in order to minimise the film surface area, and hence its surface energy), whereas large bubbles correspond to large Bond numbers (gravity dominates and the bubble rises out of the solution with very small meniscus, so as to minimise its gravitational potential energy). From photographs of bubbles such as these the parameters defined in figure 1b were measured, as described in section II.
V. RESULTS AND DISCUSSION
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A. The meniscus around a bubble Figures 4 and 5 show, respectively, the dimensionless meniscus height h/R and the apparent contact angle of the bubble θ b , defined as the film inclination at the top of the meniscus, vs Bond number Bo. We have also included the predictions of Howell's 2d and 3d theories [28] . In Howell's 2d theory, we have corrected the definition of Bond Number by multiplying it by 4. This is to account for the fact that, when there is curvature in two dimensions, the equivalent radius of the bubble is twice that when there is curvature in only one dimension, for the same pressure difference between the inside and the outside of the bubble. Since Howell's 2d results (figure 3 in [28] ) are only available for (uncorrected) Bo < 6, we only present them here up to a maximum value of (corrected) Bo ≈ 24. Note that our second-order h/R and θ b become multi-valued at Bo ≈ 3, where the large-Bo approximation employed to derive them is clearly questionable; only the upper branch of the curves is physically meaningful. The first-order approximation to θ b is also multi-valued. Howell's 2d solutions for h/R and θ b are clearly in much less good agreement with experiment than either our firstor second-order approximations (the agreement would be even worse if we had not corrected
Howell's 2d solutions as described above). Moreover, Howell's 3d solution for θ b (though not that for h/R) lies closer to the experimental data than his 2d solution, further highlighting the importance of treating the bubble as a truly 3d object. For reasons unclear to us, our first-order approximation provides a better description of the Bond number dependence of the apparent contact angle than our second-order approximation.
In figure 6 we combine the data in figures 4 and 5 to plot the apparent contact angle of the bubble vs dimensionless meniscus height h/R, a relation which is perhaps the easiest to compare with directly-measured quantities. There is good agreement between experiment and the predictions of our second-order approximation, even for θ b down to about 45
• , corresponding to Bo ∼ 4 (see figure 5 ). As would be expected, the agreement degrades for small values of θ b , more rapidly for the first-order than for the second-order solution.
Noteworthy is also the fact that h/R is a non-monotonic function of θ b , with a maximum at θ b ∼ 50
• , which is captured by the theory. Physically, this maximum can be understood as due to the fact that, for relatively small values of θ b (i.e., small Bo), the meniscus is not vertical but rather strongly tilted, as the bubble is, to a large extent, immersed in the liquid. To join up with the flat surface far away from the bubble, the outer surface of this non-vertical meniscus only has to reorient by a relatively small angle, which can be achieved over a relatively small height.
Although our solution method is formally only valid for large Bond numbers, in practice it can be pushed to fairly small (but still larger than 1) Bo without much loss of accuracy.
We also show results obtained using the Surface Evolver, which are in even better agreement with experiment. Here the main problem is that, as pointed out in section IV, one also needs to assume a finite angle between the two air-liquid interfaces at the top of the meniscus.
This may explain the small discrepancies between these results and the theory at the largest values of θ b , where almost perfect agreement would be expected.
B. The full bubble profile
To construct the full profile of any bubble we need to represent the inner and outer solutions for the menisci on either side of the bubble, as well as draw the bubble film.
The left column of figure 7 shows the first-and second-order inner and outer solutions for each meniscus scaled by the bubble radius R, at a horizontal separation consistent with the bubble radius (which is of course one in these units), for a large bubble (large Bo, top row), an intermediate bubble (moderate Bo, middle row) and a small bubble (small Bo, bottom row). When Bo is large, the bubble bottom is flat and the inner solutions of the two menisci blend seamlessly at the centre of the bubble. When Bo is moderate or small, however, the inner solutions intersect at the centre of the bubble at a finite angle, since they have not yet reached their asymptotic limit. This only means that the solutions, as derived here, would not, in principle, be valid for such values of Bo. However, a heuristic way to extend the domain of validity of the theory without reformulating it is simply to add the solutions for the two menisci and subtract the common asymptotic value of the inner solutions. By construction, this allows the film at the bottom of the bubble to have zero slope and be symmetric with respect to the bubble axis, as it should. By following this procedure, the second-order solutions are then added together to produce the full bubble profiles in the right column of figure 7 , which we have overlaid on photographs of actual bubbles with the same θ b . In this comparison, the radii R of the predicted bubbles have been re-scaled to coincide with those of the measured bubbles. Agreement is seen to be very good for large and moderate Bond numbers, but to deteriorate markedly for small Bond numbers. The reason for this is twofold. Firstly, the solutions are inherently less accurate for small Bo.
Secondly, the construction outlined above is also less accurate for very small bubbles, since the inner solution of any given meniscus is not yet flat when it reaches the meniscus on the opposite side of the bubble. This leads to a noticeable change in θ b (associated with a discontinuity between the film angle at the top of the menisci and at the bottom of the bubble), to a severe overestimation of the meniscus height, and also to a spurious increase in the height of the whole film, which causes the bubble to portrude excessively from the fluid. This latter feature can be detected more easily if we overlay the meniscus solutions without adding them on the photograph of the small bubble (figure 8): agreement improves considerably, although of course the inner surfaces of the menisci now meet at a finite angle at the centre of the bubble.
C. Getting to the bottom of the bubble
It is easily observed that larger bubbles are almost perfect hemispheres sitting atop the liquid surface, whereas smaller bubbles are almost completely immersed, with only a small lenticular film. This is reflected in the shape of the bubble bottom, which is flat in the former case, but almost spherical in the latter. Our theory also allows us to extract the Bond number dependence of the bubble depth, as defined in figures 1b and 2: it equals |z(x = 0)|, where z is the sum of the inner solutions for the two menisci minus their common asymptotic value.
This is plotted in figure 9a as the dotted and solid lines for the first-and second-order solutions, respectively. Both the first-and second-order approximations predict a maximum in d/R vs Bo which is not borne out by experiment. The range of Bo spanned by the experimental data is considerably smaller than in figures 4 and 5, owing to the difficulty in measuring d, especially when this quantity is small. We have also calculated d/R assuming that the two menisci do not interfere, i.e., that the inner solution attains its asymptotic depth before reaching the centre of the bubble (which obviously is not realistic for any other than the largest values of Bo). This is given analytically by
which assumes that the depth to which the bubble penetrates is due only to the pressure difference between the inside and the outside the bubble. This latter approximation clearly yields a poorer agreement with experiment.
Although it is not clear whether d/R vs Bond number has a maximum, it is clear that d itself must attain a maximum. Equation (42), valid for large bubbles, may be expressed and Surface Evolver calculations, even for not particularly large Bond numbers (Bo > ∼ 4).
In particular we are able to predict the dependence of the meniscus height on the bubble contact angle, a quantity that describes how much the bubble protrudes from the fluid upon which it rests, as its size is changed. Remarkably, this is a non-monotonic function, as already found for 2d bubbles by Howell [28] . Our theory is also able to describe how the bubble bottom changes from shallow and flat to deep and curved as the Bond number (and thus the bubble size) is decreased. In particular, we have calculated the bubble depth vs
Bond number, which is predicted to reach a maximum for a certain bubble radius. Both the maximum bubble depth and the corresponding bubble radius are a function of the capillary length λ c only. Finally, we have shown that, in order to achieve agreement with experiment, it is essential to consider the fully three-dimensional character of the bubble. We have not included the disjoining pressure -the direct interaction between the two film surfacesin our semi-analytical calculations; this is mimicked in the Surface Evolver calculation by using a small (but finite) angle between the inner and outer meniscus surfaces. Since the agreement with experiment and theory remains excellent, we conjecture that in this system its effect is small. 
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